Abstract. We give a very simple mathematical construction of the infinitesimals needed in understanding some simple go endgames as shown in book [1] .
Introduction
In book [1] , the authors use combinatorical game theory to study some simple versions of go endgames, with the intention to find optimal moves for both players and to predict precisely how the game will end under best play. Among other things, they show that using only real numbers is not enough to precisely describe the value of a move or a position in general, even for very simple go endgames. Instead, they (along with John Conway and others) introduced several classes of 'infinitesimals' together with certain (strange) rules in order to describe these values precise enough for finding optimal moves and predicting the exact results of some go endgames under best play. And they have also shown why these rules work. We often hear professional go players' live remarks on some ongoing go matchs like: this game will be decided by half a point, and Black is more likely to win. Or, sometimes, a professional go player loses a match by half a point, and then remarks that: I though I would win by half a point. Some of these are very good examples to illustrate that without these mathematics, even top professional go players may not be able to understand go endgames good enough for the purpose of winning a game! Traditional books on go endgames use only real numbers to estimate relavent values, and also try to use some other sentences or intuitions to describe some other things beyond simple numerical values. This is not precise enough for practical purposes, and we really need some mathematics beyond real numbers to understand go endgames.
In this note, we want to consider the question of how to realize these infinitesimals as concrete and simple mathematical objects. As book [1] clearly shows, those infinitesimals with those rules described really exist 'in the real world' in go endgames. So we are not satisfied with only the practical success of applying these infinitesimals to study go endgames, but also we consider the further question of whether we can mathematically construct these infinitesimals satisfying those rules. Thinking in this direction, one immediately calls in nonstandard analysis or some other number systems, where infinitesimals are indeed rigorously defined already. However, there is one special infinitesimal in [1] ,i.e., the * , that can not be described directly as an element in the hyperreal number field * R, or any totally ordered field. Instead, we will construct a very simple partially ordered set V built from * R, and identify infinitesimals in [1] with elements in V , such that all the strange rules hold as a result. (We will slightly modify the statements of some of the rules without affecting their application in studying go endgames.) We should mention that to our knowledge, studies in this direction but perhaps from somewhat different perspectives already exist from at least as early as John Conway's book [3] . And we appologize if we are repeating anyone's already existing work because of our ignorance.
In section 1, we will enumerate the relavent infinitesimals and rules from [1] . In section 2 we will construct these infinitesimals from nonstandard analysis such that the rules hold. For basic background material in nonstandard analysis, the readers can consult any introductory textbook on nonstandard analysis such as [2] .
Infinitesimals in Go Endgames
Using the notations of [1] , there are 3 basic classes of infinitesimals we need to consider in order to study go endgames precisely:
↑, which is a positive infinitesimal, meaning that it's less than any positive real number, and greater than 0. The negtive of it is denoted by ↓ in [1] .
For each positive real number x, there is a positive infinitesimal + x . The negtive of it is denoted by − x . (In fact only the case when x is a rational number is needed in analyzing go endgames. But it really makes no difference if we consider the more general case of real numbers.)
There is another infinitesimal * , which is less than any positive real, and greater than any negtive real.
The rules as listed in [1] are: (we have reformulated some of the statements of the rules for convenience)
One may talk about elements in the Z module M generated by these infinitesimals and all real numbers. On M , there is a (additive, explained below) strict partial ordering > whose restriction on the real numbers coincides with the usual total ordering of the real numbers, and satisfies (I) * is incomparable with 0 (II) 2 * = 0 (III) ↑ is incomparable with * , but 2 ↑> * (IV) + x is incomparable with * , but 2+ x > * (V) ↑> n+ x for any positive real number x, and any positive integer n (VI) + x > n+ y for any 0 < x < y, and any positive integer n By saying that the partial ordering on M is additive, we mean: if a < b, and c < d, then a + c < b + d, and a + e < b + e for any e in M . Remark 1.1. All 2's appear above come essentially from the fact that the game of go is played between two players alternatively. In addition, it's reasonable to think of ↑ as + 0 , as page 22 of [1] shows.
Construction of These Infinitesimals
As it's standard in nonstandard analysis, by choosing an ultrafilter, one can construct a hyperreal number system * R whose elements consists of infinite sequences of real numbers {a 1 , a 2 , a 3 , ...} up to the equivalence relation that two sequences {a 1 , a 2 , a 3 For any nonnegtive real number x, we consider the element (2.1)
Then it's obvious that ǫ x is a positive infinitesimal, and ǫ x > nǫ y for any 0 ≤ x < y, and positive integer n. We also define the element δ to be
And again, it's obvious that δ is a positive infinitesimal, and δ < ǫ x for any nonnegtive real number x.
Next we consider the * R vector space V = * R ⊕ * R. There is an automorphism T of V which switches the two indexes: i.e.
. We have obviously T 2 = id. Also, there is the usual diagonal embedding τ of * R into V :
On V , we define a strict partial ordering > by (2.3) v 1 ⊕v 2 > w 1 ⊕w 2 if and only if v 1 ≥ v 2 and w 1 ≥ w 2 , and at least one of these inequalities is strict Obviously, the above defines an additive strict partial ordering on V , and this partial ordering restricts to τ ( * R) as the usual total ordering on * R.
Finally, we identify infinitesimals in section 1 with elements in V : We define
Now we modify the statements of (II), (III), (IV) in section 1 to be:
′ : + x is incomparable with * , but (+ x ) + T (+ x ) > * And leave other rules unchanged. This modification won't affect the application of these rules to go endgames, as long as one keeps in mind the following principle: Whenever one has to deal with 2n times an infinitesimal α in M , one always regard it as n(α + T (α)) in V ; Whenever one has to deal with 2n + 1 times an infinitesimal α in M , one always regard it as n(α + T (α)) + α in V .
Remark 2.1. Note that the above map from M to V is not a homomorphism of Z modules, but it doesn't need to be so. On the other hand, we think this modification, as well as the above principle, is really something one needs to keep in mind, in order to further reflect the nature of alternative moves between two players into the mathematics. But we will not discuss this issue in detail here, as it seems to depart from the main line of this note.
Our claim is that, our definitions (2.4) through (2.6) of the infinitesimals satisfy conditions (I), (II) ′ , (III) ′ , (IV ) ′ , (V), (VI). All these are very easy to check so we omit the verifications.
We should mention that our construction is by no means unique. However, it shows that basic infinitesimals needed to understand simple go endgames as mentioned in [1] can really be realized as concrete and simple objects in mathematics: although we can not identify all these infinitesimals with some elements in a totally ordered field because of the existence of * , however, we can get good identifications of them if only we give up the requirement of total ordering (which is something we have to do if thinking in this direction). On the other hand, go endgame is a good example where a problem concerning only the real numbers should naturally be considered in the framework of a bigger number system containing infinitesimals, as is already known.
